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Outline
• Introduction to competing risks
• Kaplan-Meier for cause-specific survival
• Cumulative Incidence Function
• Cause-specific hazards; conditional probability
• Testing based on the CIF: Gray’s test
• Cox regression with competing risks data
• Regression using Fine-Gray models  

(controversial)
• Cautions in using competing risk regression 

models



Censored Survival Data

Time origin                                    Censoring time

Event

The time to an event (e.g., death, recurrence, transplant) 
is recorded.  When we are prevented from following the 
subject until the event, the subject is censored at their
last follow‐up time (last time known to be event‐free).
We assume that censoring is independent of event times!!



Competing Risks:  Examples

• In a trial of cardiovascular treatment, the 
outcome = death, but cause-specific 
death is of interest (esp. cardiovascular 
deaths)

• Probability of kidney transplant by time on 
the wait list is of interest.  How to handle 
death while waiting?



Competing Risks: Cause of Death

• Mutually exclusive, one cause of interest

Cardiovascular 
Death

Cancer Death

Other Cause of 
Death

Alive



Competing Risks: Illness-Death Model

• Two mutually exclusive paths
• Multi-state models

Death

Kidney 
Disease

Kidney 
Transplant



Competing Risks -- Definitions
• Kalbfleisch & Prentice (2002):  The situation 

in which an individual can experience more 
than one type of event

• Gelman et al. (1990), Caplan et al. (1994):  
Failure to achieve independence between the 
time to an event and the censoring 
mechanism. (i.e., dependent censoring)

• Gooley et al. (1999):  One type of event 
either precludes the occurrence of or 
fundamentally alters the probability of 
occurrence of the event of interest.



1700 – 1782, Swiss mathematician and physicist. 
Founded the theory of competing risks to 
demonstrate the advantage of smallpox inoculation.



The Kaplan-Meier estimator of the 
probability of survival over time

• KM is usually derived based on conditional 
probabilities.

• A simple intuitive way to derive KM uses 
the Redistribute-to-the-right principle 
(RTTR) (Efron)

• Assumes that for those censored, the best 
estimate of the event time is to spread the 
probability over all points to the right.

• A reasonable, powerful idea



The Kaplan‐Meier (KM) Estimator



Right-censored values, redistributed
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Censored value

Exact values

All points have 
mass 1/n = 1/7

0      1      2  3      4       5      6      7      8

Exact values
Re‐weighted
(add mass 1/3n 
= 1/21
to each value 
to the right)



Redistribute to the Right … Revisited
• If censoring is RANDOM, then RTTR (the KM) best 

estimates the event time, by sprinkling the mass over all 
points to the right.
– Someone lost to follow-up may have a similar probability of 

death after loss to FU as others in the cohort

• What if censoring is NOT random??
– E.g., censoring at death when estimating the 

probability of a transplant:
– Should we distribute probability of a transplant after 

death, even though it’s impossible? 
– [If they hadn’t died, they hypothetically could have 

received a transplant.]
– Censoring at death, KM will over-estimate P(Txp)
– Conclusion: KM should NOT be used in this setting



• So how should we handle deaths?

• Consider a different estimator, the 
Cumulative Incidence Function (CIF)



Redistribute to the Right … Revisited 3

• Consider 10 people waiting for a 
transplant.  

• Nine die waiting, and the 10th receives a 
transplant.  

• KM:  The 9 censored values redistribute to 
the last observation, and the estimated 
probability of transplant is 100%

• CIF:  The estimated probability of a 
transplant is 10%, which is intuitively the 
right estimate.



The Cumulative Incidence Function (CIF)
(also called the subdistribution function)

• In competing risks, we usually use the cumulative 
distribution function, F(t), rather than the survival 
function, S(t)=1-F(t).

• F(t) = P(T  t) = P(any cause occurs before t)

• Fk(t) = P(T  t, C = k) = P(cause k occurs before t)      
= CIF      (k = 1,2, .. K)

• Note that 

• i.e., the probability of each cause at time t 
adds up to F(t), the probability of any cause
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Cumulative incidence of death, ESRD (dialysis or 
transplant) and active CKD, by CKD stage (n = 2,182).



Presenting a Stacked CIF

Klein & Moeschberger, p. 132



Or plot the CIF for one cause by a 
covariate (e.g., age)

Pintilie, p. 83



The CIF
• Previously we defined the CIF as:
• Fk(t) = P(T  t, C = k) = P(cause k occurs before t)
• It can also be expressed as:

• where      is the KM for overall survival just before t,
• rk is the number of events of interest at ti, and 
• Yk is the number of subjects at risk.
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The Subhazard Function and the 
Conditional Probability

• The subhazard function,                                      , is 
the instantaneous rate of event type i at time t.  

• The Conditional Probability is a CIF ratio, for event 
type k at time t,

where               is the CIF for all causes other than k.

It is the probability that event k occurs by t, given 
that no other cause has occurred by t. 
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Ordering of the Functions

Klein & Moeschberger, p. 131

Conditional Probability

Kaplan‐Meier

Cumulative Incidence 
Function (CIF)



Doing it in SAS
The Kaplan-Meier (NOT recommended for the competing risk setting)

proc lifetest data=hodgkins outsurv=KM_data /*noprint*/;
time maltime*mcens(0);
strata age_gt30;
run;

proc sort data=KM_data; by age_gt30; run;
data KM_data; set KM_data; by age_gt30;

Failure = 1‐Survival;
output;
if last.age_gt30 and age_gt30=0 then do; maltime=35.923;             

failure=1‐0.6354255544; output; end;
if last.age_gt30 and age_gt30=1 then do; maltime=33.158;   

failure=1‐0.5140851321; output; end;
run;

symbol1 i=steplj l=1 color=green;
symbol2 i=steplj l=2 color=blue;
proc gplot data=KM_data;

plot failure*maltime=age_gt30; run;



Kaplan‐Meier Plot:  Probability of 2nd Malignancy
for ages 30 vs >30 at randomization



%macro cuminc
(ds= , time= , cenvble= , interest= , group= ) ;

*********************************************************************** 
this macro calculates:                                                             

the CIF for the event of interest
the variance of the CIF based on the delta method     
the conditional probability (CP)
the variance of the conditional probability based on       

Pepe & Mori, Stats in Med, 1993                          
this macro creates                                                                 

the graph for the CIF for event of interest for each group.
It does not calculate or produce output for events

other than the one of interest.
***********************************************************************; 

SAS Macro for the Cumulative Incidence Function (CIF)



%macro cuminc (ds= , time= , cenvble= , interest= , group= ) ; 
***********************************************************************
macro parameters: 
ds =           the input dataset. 

time =        the time variable  

cenvble =  the variable with the censoring/event codes; 
Censored observations must be coded as 0 (zero),   
and events must have numeric codes. 

interest = the value of the censoring variable (cenvble) of
primary interest. 

group = the grouping variable.  Group codes can be character 
or numeric. 

**********************************************************************



Plots from Macro CUMINC

CIF CP



Cumulative Incidence Function (CIF)



Conditional Probability (CP)



%macro compCIF (ds=, time=, cens=, group=, val1=, val2=);
*******************************************************************; 
compares the CIF between two groups *; 
Based on the test described in Pepe and Mori, Statistics in 
Medicine, 1993             *; 
******************************************************************* 
ds = data set name                                                                       
time = time to first event observed                                     
cens = censor variable coded as:  

0= censored (no failure observed)                          
1= event of interest                                                
2= competing risks type of event                           

group = group variable coded as val1 and val2            

*********************************************************************



Output from Macro CompCIF

Chi-square = 2.1977 
P = 0.13822

(It also calculates the CIF for each 
group and lists the estimates.)



Regression Models with Competing Risks
Cause-specific Cox models
• Data duplication method (one record for each cause, per 

person)
ID    time  status  endpoint   sex   age
1     760     1         death        2      79
1     760     0         myeloma   2      79
1     760     0         other          2      79

etc.
Use a Cox model, stratified by endpoint.

• Hazard ratio (HR) is identical to that obtained by fitting a 
separate Cox model for each endpoint (treating failures from 
other types of event as censored data)

• Advantage of the Data Duplication method is that by 
incorporating stratum by covariate interactions (e.g., 
stratum*age), you can estimate endpoint-specific coefficients.



Regression Models with Competing Risks

Fine and Gray models
• Directly models the subdistribution hazard (cumulative 

incidence)
• They assume proportional hazards.  

– Caution:  This assumption is likely NOT to be met 
because of lack of independence of the endpoints.  

– Non-PH can be fit, but this requires careful thought.
– Although Fine-Gray models are popular, they have 

not gained the blessing of some prominent 
statisticians.



Regression Models (cont’d)
• The relationship between subdistribution hazard and cause-

specific hazard (Beyersmann et al. 2007) is:

where X=c indicates events of competing risks

• HRs for event of interest from cause-specific hazards model and 
Fine and Gray model
– Are different for covariates that affect the competing risks
– Are similar for covariates that do not affect the competing 

risks
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Non-identifiability:   Reducing or Removing Risk 
from One Cause of Death

• When we try to reduce the risk of one cause 
of death, we often are interested in the 
resulting cause distribution.  This can get 
complicated, and is generally impossible to 
estimate.

• E.g., reducing the risk of cardiovascular 
death may increase the risk of cancer death, 
because people live longer and are more 
likely to develop cancer.

• The overall survival curve, however, would 
show overall longer lifetimes.



Comparing Treatments in the presence of 
Competing Risks of Death

• All-cause mortality is always the first treatment 
comparison
– If one treatment has fewer deaths, it is preferred, 

irrespective of the causes
– E.g., a drug for cardiovascular disease is tested 

vs. placebo, and results in fewer CV deaths, but 
more overall deaths. 

• If all-cause mortality is better with the new 
treatment, can explore cause-specific 
comparisons of the CIF using Gray’s test. 



Resources
Books:
• Pintilie, M. Competing Risks, A Practical Perspective.  Wiley, 2006. 
• Crowder and Martin, Multivariate Survival Analysis and Competing 

Risks, Chapman & Hall/CRC, 2012
• Crowder and Martin, Classical Competing Risks, Chapman & Hall/CRC, 

2012
• Also, many survival analysis texts have sections on competing risks.

Datasets and SAS macros:
• http://www.uhnresearch.ca/labs/hill/People_Pintilie.htm

• %comprisk (E Bergstralh)
– mayoresearch.mayo.edu/mayo/research/biostat

• %cuminc (S Rosthoj, PK Andersen, SZ Abildstrom)
– www.pubhealth.ku.dk/~pka/ (user manual available)
– Cause-specific proportional hazards regression using data 

duplication method (Lunn and McNeil, 1995, Biometrics 51, 524-532)




